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Four-jet spectroscopy at present (SppS and TeVl) and future (SSC)
hadron colliders holds great promise for testing QCD as well as for the
discovery of new physics. Standard QCD interactions will cause
significant backgrounds to many processes of interest e.g. pair
production of electroweak bosons [1]. Hence it is very ‘important that
we have a detailed understanding of conventional QCD four-jet
production. In particular, knowledge of cross sections for hard parton
subprocesses 1is crucial for any reliable phenomenciogy of jet physics.
In ref.{2] we took one step in this direction, by presenting the cross
section for four gluon production by gluon-gluon fusion. In a similar
spirit, in this paper we give the cross section for hard processes
involving two quarks and four gluons, in the tree approximation of QCD.
The final cross section, which is presented in a form suitable for fast
numerical evaluation, 1is applicable for the following processes:
guark-antiquark annihilation into four gluons, quark-giuon inelastic
scattering into quark and three gluons, and gluon-giuon fusion into a
guark-antiquark pair and two gluons. Guided by analyses of three-jet
production (see e.g. ref.[1]), we expect that for moderate values of
the transverse momentum these processes are at least as important as the
purely gqluonic process. Since the masses of 1ight quarks can be
neglected at high-energy hadron colliders, we consider here the case of
massiess quarks.

Qur calculation makes use of techniques developed in ref.{3], based
on the application of extended supersymmetry. We adopt the convention
that all particles involved in a scattering process are incoming. An
outgoing particle of momentum p and helicity s will be represented as an

incoming antiparticle of momentum -p and helicity -s. Our convention is
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that the left-handed quark 1is represented by a spin one-half Weyl
particle q, whereas the right-handed quark by a spin one-haif Weyl
particle r. The left- and right-handed antiquarks are represented by r
and q, respectively. Let M(zil,..,zg ) denote the amplitude for the

n
process with the incoming particles zl,..,zn of helicities $45++3S

n

and momenta Pis--sPye The momenta satisfy the conservation equation,
=6

Zp = (0. We find that all nonvanishing quark - antiquark - four gluon

=1

he11c1ty amplitudes can be obtained by crossing and/or complex
conjugation from two amplitudes, M(gi,qi,gi,gi,ai,gi) and
M(qi,gi,gi,a{,gi,gi). These ampiitudes can be expressed in terms of the
amplitudes for processes involving spin zero massless scalar gluons ¢,
spin zero massless squarks ¢, Jleft-handed quarks gq, left-handed
antiquarks r and a smaller number of gluons, using supersymmetry
relations {on-shell Ward-Takahashi identities). The first of two

relations 1s very simple:
IM(a},a%.93,99,35,9%)] = —Fex[M(q 62.4%.4%,6°5 4¢)| (1)
+%+.9+,9+,9-.9 , ﬁ;:;g;ﬁ‘l (3+; +:94,94+, -,¢-)‘

where the Lorentz invariamts 113 are defined as wusual, sU » (p1+pj)z.
and the scalar product is given by

2
' pypy - (2}

i=p§ ;: all  particles are on mass—she11, p1p1=0). The second

PiPy = Py
(E
supersymmetry relation is more complicated. However, it simpiifies

considerably in the c.m.s. of particles 1 and 4:

_ 1
‘M(‘La:ﬂinﬂi:itaﬂi,ﬂf)‘ = 513556 l(5|2+sl3+523)1M(q:‘!¢:: ?'EL‘:J ‘J¢G)
-2 /?..‘. (512+5l5+513)(P;+ P:* i-F’;"Lf’z) M (6’114’:' 2.00,4%,48 )

. . A —
~ s (prepreipeip)t ML, 42,42, 75 45.48) |
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Particlies 1 and 4 are chosen to move along the negative and positive
z-axis, respectively.

We calculate the full cross section by first computing the
amplitudes which occur on the r.h.s. of equations (1) and {3), and
subsequentty using those equations 1in order to obtain the desired
quark - antiquark - four gluon amplitudes. These amplitudes are
calculated in the c.m.s. of particles 1 and 4, and then reexpressed 1in
terms of Lorentz invariants. Before presenting the resulit, lef us adopt
some convenient notation.

The squares of the absolute values of all helicity amplitudes will
be generated from two generic functions, B, {(P;sP;sP3;.P sPs.P )} and
B, (PysPssPssPy D5 5P ), defined as

By (P1sP2sP3 Py sPs 3D ) = IWQLQLQL&LQ&Q"’_) |2

. 2
By (D1 P73 P sPs P ) = IM(93,03,95,9%,0%,95 ) (4)

where the r.h.s. implicitly contains the sum over the color indices of
qguarks and gluons, and the flavor indices of quarks. The square of the
moduius of the invariant matrix element for
quark - antiquark - four gluon process, averaged over initial colors,
flavors and polarizations, and summed over final colors, flavors and

polarizations, is given by



-5~ FERMILAB-Pub-85/162-T

IM(a?,52,0°,q g8 ,g¢ )1% = 21707 (N2o1)~6 0 Né'Q
-[ B, {134256) + B, (135246) + B, (136245) + B, (154236)
+ B, (164235) + B, {234156)
+ B,{314526) + B,{314625) + B,(316524) + B, (624513)
+ B,(614523) + B, (623514) + B,(324615) + B,(324516) ) (5)
where

B(g )(1jk]mn) = B(g)(p-i spjspksp] ’pm’pn)'

Here N is the number of colors (N=3 for QCD), Nf is the number of light
flavors, Q is the number of initial quarks and antiguarks, and G is the
number of initiai gluons. For example, the cross section for the
annihilation of a quark with momentum p, and an antiquark with momentum
p, into four gluons with momenta p,,p, P ,Pg IS obtaincd from cq.(5) by
setting Q=2, G=0, and replacing the momenta pP;,P, sPs P by
“P3s=Dy s~Ps s~Ps -

As the result of the computation of two hundred thirty two Feynman
diagrams, we obtain

K Kg| [Do

LA
By (P15P2 5Py 5Py 5Py Py ) ® (IL, IL")' *

F<9 K 1)oﬂ

K K] [

+
Bz(plspzspaqu spsipﬁ) - (D::DI':). .

ki? K 1)1t (6)

where 9D, EZW and £ET are 16-component complex vector functions of the
momenta P, ,P,.P1sPysPs and p,, and K and Kp are constant, symmetric

16x16 matrices. The vectors Q% and s@t are obtained from the vectors
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@ by the permutations (p,op;) and (p;&p,), respectively, of the
momentum variables in @. The individual components of the vectors 2

represent the sums of all contributions proportional to the
appropriately chosen sixteen basis color factors. The matrices K, which
are the suitable sums over the color indices of products of the color

bases, contain four independent structures:
K = Bne-1y716N3- [ nBk(6) & A (4 4 w2k (2) 4 (0) (7)

Here g denotes the gauge coupling constant. The matrices K(ﬁ), K(a),

((2)

and K(O) are given in Table I. The vectors @ are related to the
twenty two diagrams DF(I=1-22) invoiving left-handed quarks and four
scatar gluons, twenty four diagrams DA(I=1—24) involving left-handed
antiquarks and four scalar gluons, twenty two diagrams DS(I=1—22)
invoiving squarks and four scalar gluons, and forty eight diagrams
DG(I=1=48) involving squarks, two gluons and two scalar gluons, in the

following way:

1 1 _F F
“S.;qul S23 936 { tlza C . D

+2tm3H(%*R;%)'CS°DS

D, =

+ H(Ps*PsxPs)'CA'DA }

D, = =1 Cc® D° (8)
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where the constant matrices C'(16x22), CP(16x24), C°(16x22) and

CG(16x48) are given in Table II. The Lorentz invariants S5 and tijk
= (p1+p.)2, tijk = (p1.+p.+pk)2 and the complex

defi
are defined as s j j

iJ
function H is given by

H(pysP5) = 2-( (Pypg)(P4Pg) = (P11} (P3q) = (P1Py)(P;Py)

LA
: BV P A 9
* e, uPiPiPsPg ) )
where ¢ 1is the totally antisymmetric tensor, exyzt= 1. For the future

use, we define one more function,

F(ps»p:) = ((P1pg)(PsPs) + (P15 )(PiPg) = (P1P:)(PsP4))/(PiPg)- (10)
i 174 174 4 1F37 VHiv4 174

J 1] J
Note that when evaluating B, and B, at crossed configurations of the
momenta, care must be taken with the 1implicit dependence of the

functions H and F on the momenta p, and p,.
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The diagrams DF are listed below:

DF(‘].) = 1 t { F(PS:P;)'H(FZJPS) - F(PZ.PS)'H(PS,PS)

512 Sue Lias

+[F(P1,P5)+Slz]'H(PGIPS)} ’

DF(Z) . A {F(Pc,Ps)'H(Pz,Ps)" F(P:.,Ps)’H(Pe»Ps)

Si2 Sus Tiag

+[F(P1.P6) + SIZ.] 'H(P51P5) } ;

-4

S12 S3¢ Sus

It

Df(3) {[ Fpa,pd + 3 | Hlps, ps)
+{ Flpe.pg) + 32 | H(pa, ps)
- F(PzaPs)'H( Ps,Ps) } )

-4

Si2 Sas Sa¢

DF(4) {[F(PzaPs)""s'%]'H(Ps:Ps)
+ [ Flpsipe) + 222 T-H(pa, ps)

- Flpupe) Hipsps) |

DF(5) : i { F(Ps:Ps)'H( Ps,Ps) — F(PssPs)'H(Pc;Ps)

$16 Sus V136

-[F(P;:Ps) - %‘ '%-_? + ‘i'zé]'H(PSaPs)} ,
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£ 4
D (6) = 512 See t|35 { F{( Ps:Ps)' H(Pasz) - F(Pa,Ps)'H(Ps.Ps)
~[Flogps) - %25 - 22 » %_E]'H(Ps:Ps)} ,
4
DF(7) = 525 Sug t:zs {F(PS)PG)'H(PZJPS) - F(Pz,Ps)'H(Ps;Ps)

‘[F(Ps.Pz)‘i’;r_i-é%*'f—f PePs)}

D) = 5= { Flrupe) H(pa.p6) - Flpwpy)-Hipe, pe)

"[F(P.'HPG) * ﬁf - 5—5,"' - é%_i]'H(PhPs)} )

E 4
D (Cl) ms { F(Pz,Ps)‘H(Pasz)‘ F(Pzapa)'H(Ps:Ps)

[Flrap) v 35 - s - 5 ] Hipa ) ] |

F - 2
D(10) = 536 S5 Tyag [ 526 * 536 ~ 513]' H( s, Ps)
F( = _.2____ [ - . (
D(11) = 515 Su6 tiag %25 7 35 523] H(pe, ps)

l“
512 53¢ 1124

)
m

—

—

ra

—
i

[556 LY “53c]'H(Fz.P5)

}
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D(1e) =
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2
m [556 " 53¢ ‘535]‘H(P1,Ps)

124

L1
m [[F(PS:P‘)-r '%E ]H(PZ‘.'PS)

“[Flps,pe) + 2257 Hips ps)

“[F(Ps;Pz) * s—;z,i - Efl.z d's—%s]-H(P"Ps)}

4
m {[F(Pe Ps '“] H Ps,Ps)

[ ( ps) + '3]H(Pc Ps)

_[F(ps'p3)+%9 —§?'_J - %]'H(Ps.-f’s)} )

—— ———————

1
Siy 325 33¢ { [523-5“ *53’5_555]' H{ps-pa, Ps)

+[513_535+526-556]'H(F3'P6| Ps )

+ [513" 526 335 * 556]' H(Pz*Ps ) Ps) }
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¢ S S

Dan = S 536 t124 [556‘535‘536]-H(P2.P5) ;
F S A

Dr(1s) - S S35 Tizy [ S5¢ = S35~ s"] ' H( Pz, PS) 1
£ _ -2

D"(19) = __-514 Ssustms [ 533 = 52 - 536]‘ H ( Ps, Ps) ’

F - -2
D (20) Sy 28 tu.c [523 - 535 - 515-) ' H( Pe. PS)

}

DF(11) = —=— Hlps-pe,ps)

S 3¢ 4

DF(TZ) = 3_,:,%;5 H(Pz-Ps:Ps) . (11)
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The diagrams DA are listed below:

D*(1)

pM2)

D)

i

i

-

4

Sie 524 t

136

. I

5I6 -Ssq tl‘.'.é

515 5111 tl':&S

55 53& 125

{F(P:;,Pz)' H(Ps*Ps: Ps)
‘F(&.%)*ﬂ(%*%:PJ

t [F(PsaP3] t 5|s]'H(P5*Ps ) Pz.) } )

{F(pz,Pg,)'H(Ps*Pe,Pc)

- Flpg,ps) Hpe*pe, P2)

+ [F(Ps:Pz) t 515]'H(P5"P51 P3) }

{ Flpspa) Hipger, ps)
~Flps,p) Hipstps, ps)

+[F(P51P3)+ 515]'H(P5'P51 Pl)} J

{F (py,ps)-Hlpstpe, Ps)

'F( Ps:Ps)'H( Ps*Pg , P:.)

+ [F(PS,F’z) t+ 5|s]-H(P;fP6 ' Ps)} !

’ "
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D*(5) = sz | Flespa) Hipsere, pe)
- [Flpps)+ 2] Hpsope, pu)
- [Flpe.pa)+ 222 - Hpseee, ps) } :
A 4
D e} = Sre 521 52 {F(PG:PL)'H(PS*PGI P5)
- [Flpeips)+ 321 Hpsepe, pa)
- [F( PsJPz)“' ij5‘:""]'H(Pf'P"nPG)} )
DAW) - 5,_‘:1556 135 {F(Pe P:.) H(P;*Pe: F's) F(Ps Pz.)H(Ps’Pc:Ps)
"[F(Ps.Ps)' 3%9_:".{1 +'SJ2'?]'H(P5+P"P") } '
A 4
D7 () = m {F(Ps,Pz)‘H(Pg*PG:H) - F(Ps,Pz)‘H(F’s*Pe: PS)

"[F(Ps»P;)" -‘:325 - 271_: + %‘]'H(Psﬂ’c:h)}
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D*(4) 5:53;t.zs { Flps.p Mps e, Ps) = Flps, ps)-Hips e, pe)
-[F(PBJPG)"' s_"?'f - 532'? - §%5].|-_'l(|:)5"|.”61PS) } )
I.'
D*(10) = m { F(ps,ps)-Hlpstps, P3) - F(Ps.Ps)'H(Ps*“Ps, Ps)
[Flosr) % - % -3 JHlnrn) |
L'
DA(H) - m { F(Ps,Ps)'H(Ps*PSJ P2}~ F(Ps:Pz)'H(Ps*Pw PS)
[Fleue) + 5 - % - % ] Hiprapo) |
DA(IZ) - 52&2-536 tlzq [ 35 * 53 ‘555]' H(Ps*Ps; P?-) )
DA(13) = 5;42535 t a4 [535 * Sag ~ 556}' H(ps+ pe.p, ) :
2
D) = 5, [sn- %6 5] Hipgrre, 0)
DA(IS) = "-—2""—'_ [513‘ 535"'515]'H(P5*P61 PG) )

516 325 t"*‘
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15 536 t|15 { [F(PS'PG) ¥ -t—"-%i]'H(PﬁPG: Pz)
[Ftnnd+ 5 H O,
—[F(Ps'h) ¥ i’f h S'Tz - S_ZZE-]'H(Ps*PG;Ps)} )

011 = e { [Flaared 5T Hlpre, 1)

l..i_

+

- [F(Ps,Ps) * %]-H(PS"'PGJ Pe)

'SI
- [F(P61P3)+ f - %J - %_“]'H(Ps*F’esPs)} ,

A 1
D7(18) = m { [523‘525"535*55¢]’H(P5*P6; Ps’Pz)

* [52-5‘535*525”555]'H(P5*P5 ) PJ‘PG)

* [513—515 -535+555]'H(PSfP5J Pz"Ps) }

/

Sia 53¢ Liza [ %56~ S35 536]‘ Hlps+pg P2)

2
D*20) - S S35 Cjpy [556 = S35 - 536]' Hps+pe, Pl)
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A _ 2
D(24) = S Sag [Sze“sss'szs]'H(Ps*Ps;Ps) )

145

A -
D (22) = S 515t|q5 [515 + 546 - 523]- H(PS*PSJ Ps) ,
_ i
D*23) = 5 Hlbsepe, piope)
DA(ZH) = 3 15 H(Ps*PS ; Pz“Ps) . (12)

4 ~19
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The diagrams DS are 1isted below:

1
DS(D = m [5a5‘5|5 '[st‘sze’ 536-‘ )
1
s - P ——— - -
D*(2) = 5 toos [523 S26” 526 )
D°(3) = [ Sye ~ 161 523 " 935~ 525]
5|q 515 146
s _ {
DF(4) = = T B

D*(5) = —ls—’"" [5.1' 51«]‘[554'535]

Si4 53¢ Liay ,
D*(¢) = s,qltm [s,z-s“] }
D) = 5o, [sscm sl
D*(8) = “El';‘.j ,
DY) = s [sn- sl s sl
D*(10) = g [ssc el
D°(11) = L [-"u‘f"s‘-"ls]'[su'ssﬂ*-"se] )

U
_—
H
[ e ]
b

il

‘H

r—1
LN
£
&
wh
“
-+
+
"
w
-
[y—1
L
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D3 = =
125
DS(14) = — [ 5, - S5 = 555
53£-t|35 13 15 35 )
D*(15) =——1-----[5 -5 -5 ][ _
S25 53¢ T3¢ 137 %16 7236 I'l Sus T Say ¥ Sas )
D*(16) = i sy =5 = 3%)
6
D*(17) = slt [5"5 53,'+s35] ,
35 Lize
D%(18) = =
126
D3(19) = o= [ 513 = Suc = S35 * 556 ]
2_515536 23 le 35 56 )
D%(20) = = ]
20) = 7 . 536[5:3"5%’53«*5#5 ,
14

D*(21) = 2 i"‘ 51 [ S0 7 524 " 55 T 5"5] ;

i
25, 515 53

)
i
[N
=
"

{ [ Si97 524 "S55 * 5«5]'[ Sie~ 513 * 546 '53q]
+ [ 513 ~ 526 T 935t 555]'[ S14 7512 T 345 ’5|s]

¥ [ S13 7 516 "5 * Sus]'[sas'szs * Ssg “'525] } _

{13)
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The diagrams DG are listed below:

D°(1) = ?Z_—"‘ [535‘555]'[ Suz"szq"sm‘l ,

36t11‘|

D(2) = 5o, [ sacl [ 5wt s
DS(3) = si-tms[516—523].[5.,5~s,5+sw] |
)+ [ - sall s
Dé(5) = 57;‘ (po-Pua ) p-pe) |

D°(6) = —-5-2;; (pi-padpPi-ps) |

525 536

DG('T) = A {[(P;‘Ps)(Pg,—ps)]‘[(P.‘Pq)( P3+P5)]
_[(P;_"Pg)(Pa‘l'Pg)] (PI Pﬂl ]

¥ [(Pz*Ps)(Ps'PG)] [(P. Pq P.-Ps ]
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4

5::.5 536 t 125

Dé(8) - L [Gpiera-pollpypyorel] - Hlpa,pa)

~[(pyepa-Ps )M papseps)]- Hlps, pe)
~[(pr-pa+ps)py +ps-pel]- Hlps,ps)
[(p -p2+Ps}{py - Ps*Ps] H(ps, pe)
- P.(P:."Ps)] - H(ps-Ps ) Pa*Pe)

- [p,.(?:,,*?g)] : H(PJ.*PS : P1'P5)

+2s,-1p (Pz'Ps)] '[P* “’”P‘)] } )

2
De(q) = 5,6 53¢ { Sw- [(Pz'PS)(PB'Ps)]
= H(Ps‘Ps; Pz"Ps) + H{Pz‘Ps,PrPs)} ,

25,4

D®(10) =

Cizs

De(11) = "——' {514 (5,5~ IS) = H(P2+PSJP1-P5)} ,

Sos Tiag

DE(12) = ;—- Sy ( 546~ 534) + Hpy P‘”P3+P")} !
36 115
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DS(13) = {[( P PP H Py s +pe) | - HO pa, pe)

Slz 536 txzs

~[(pvr 2-P5)( py+ py-pe)] - H pa, ps)

* [PH( Ps‘Pe)]' H ( P2, P:.‘Ps) }

4
.DG(lq') - st 53Ht|25 {[(P.‘P}."'PS)( Pq"’P&"PG)]'H(PSJ P'.’:)
-[(P.*PrPs)(PH*PB‘PG)]‘H(Pz:P_;)
+[P|(P1'P5)] H(PS‘PG) P3) }
4
DG(IS) = Si5 Ssc tias {[(Pt‘Pz"Ps}{Pq'Ps*'PG)]'H(PS:PG)
_[(PI—PZ"'PS)(PQ*P3-P‘)].H(P5)F3)
_[Pﬂ(Ps'PG)] H(Ps: Pz‘Ps) } ’
G . _AH
D*(16) S1e 5q6t|25 {[(P.‘Pz+PS)(Pq_P31'Pg)]-H(PG,PG)

=[P P2mps) ( py-py+ p)] Hpa, pe)

- [Pusz“Ps)] H( P3- Pe, Pe) } )
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4
DM = i [oser sl Hlpp)
G - _.‘J___ 3
D (18) qu 536 125 [513 516] H(PS)PS) )

1]

DG(]-C” —— [556-516] H(ps,p5)

$13 925 tm

W

DG(ZO) A [13 35]H Pe.Ps)

S25 Sue Liug ’

G - 2

D® (21} = s < H(Pl,PS'PG) ,
12 “36

D¢(22) = —2— Hp-pe,ps) |
53¢ S4s

©(13) = Zt H(ps-pe, P3) ,
534 125

D°(24) = A= H(pske.pe) |
4e 125

DG(ZS) = 4 H(p P"P)
Slltlzs 2rr2nls

G -2

D%(2¢) = == Hlps,pu-ps) |
515 Y25

DT = 2 Hlps,paops) |
'3 2.5

D¢(298) - 5'525“ H{p,-Ps, Pe)
1



1]

D%(29)

D®(30)

D% (31)

"

W)
o
—
(SN )
Al
W

D*(35) =
D¢(36) =
D¢(37) =

D¢(38) =

-23-

512 P46 ‘125

4
S,,_ 53‘1 tIZS

FERMILAB-Pub-85/162-T

51 Sac Sus [(Ps'PG)(Pﬂ"'Ps)}H(Pz,ps}

= [(po+ra-ps) pa-ps+26)]- H( pu, pe)

[[Pa"’Pz“ Ps)( Pq*'P;"Pa)]' H(Pz, PS)

— [( Pl"Pz*PS)(Pq"PJ—PG)]' H(PSJ PS)

S,s 534 Liag

— [(P.'Pz*“Ps)(P:,‘Pa*P;)]'H(ps,PG)

Sis Sug Uyzs

513 S35 Sye

_t_?-_ [51‘1— S,,_‘S,q]

124

T =
ol BLTRE R

2 [ S5 = Sus - SW]
145

2 [ Sig ~ 546 5,,,]

tl‘|6

[(Pz'Ps)(Pq*Ps)] - H( Ps, Ps)

1

)

)

?



D®(41)
D (42)
D®(43)
D°(44)
D€ (45)
D¢ (46
De(4)

D¢ (48)

]

-24-

H(Pl, Pz)

H{ps,ps)

H(ps,ps)

& H(PGJPG)

ng t 196

~ 4
Sia Sus H(Pz' PS)

-4
—) H{ ' )
$,2 Su46 Pas Fe

H(Pla P3)

— 4 H(Ps:Pa)

H(Ps: PG)

-~ H(Ps:Pe)

FERMILAB~Pub-85/162~T

(14)
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The preceding 1ist completes the result. Let us recapitulate now
the numerical procedure of calculating the full cross section. First
the diagrams O are calculated by using eqs. (11,12,13,14}). The result
is substituted to eq. (B) to obtain the vectors @, and @,. After
generating the vectors EEUI and 9321 by the appropriate
permutations of momenta, eq. (6) is used to obtain the functions By and
8,. Finally, the total cross section is calculated by using eq. (5).
The FORTRANS program based on such a scheme generates two Monte-Carlo
points in less than a second on the heterotic CBC CYBER 175/875.

The following testing procedures can be used in the numerical
calcuiations based on the algorithm presented in this paper. First, the
function B, (P, sPsaPssPy sDssPg) must be symmetric under arbitrary
permutations of the momenta (p,,p;.p, ). Another, very important test
examines the singular behaviour of the cross section in the kinematical
1imit of any two partons i and j moving collinearly, i.e. with s1j going

-2 should be absent and

to zero. The double poles of the form (Sij)
further, 1in the leading (s”)'1 pole approximation, the answer should
reduce to the appropriate two goes to three cross section [4],
convoluted with the Altareili-Parisi probability [5] for the decay of
the final particies into partons i and j. For example, when the quark
and antiquark momenta become paraliel, the invariant
guark - antiguark - four gluon matrix element squared must factorize
into the five gluon matrix element squared and the Altarelli-Parisi
probability for gluon branching into a quark-antiquark pair. it is
worth mentioning that, similarly 1o the case of the

Tepton - antilepton - four parton matrix element squared [6], the

factorization holds onily after averaging over the azimuthai angle of the
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branching process plane.
Qur result has succesfully passed both these numerical checks.
Whiie this manuscript was in preparation, we received a message
from Z. Kunszt, via BITNET, that he has aiso completed a numerical
routine for this cross section [7] using a different set of techniques.
Together, we have made a numerical comparison of the two results and

complete agreement was found.
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Matrices K(I,J) [I=1-16,J=1-16].

Table I.

Matrix K(O)

-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

~1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

matrix k{2

-1
-1

2 -1 -2 1 0 -1
3 -2 -1 0 1 -1

3
2

-1
-1
-1
-1

-1
-1
-1
-1

-1
-1
-1
-1

-1
-1
-1
-1

1
1
1
1

1
1
1
1

-1
-1
-1
-1

-1
-1
-1
-1

-1
-1
-1
-1

-1
-1
~1
-1

1
1
1

1
1
1
1

1
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Table I continued

Matrix k(4

o -1 -1 -1 -1 -1
1 1 -1 -2

1

-1

-3

2 -1 -1

0

-1
-3

-3
-1
0
1

1
1

1
1

0 -1 -1 1 0 0 -1 -1
-1 -1

0
-1
-3

1
-3
-1
-1
~1

1
0

-1
~1
0
2
-2

-1
-1

0
-1

-1
0

-2
—4
2

-4
-2

1
0

1
-2
-4

2
-4
-2

1 0 -1

-1

-2
-2

-2
-2

0
2
-2

1
2

1

-2

-1

-2
-4

—4
-2
~2
-2

2
0

0
2

-1
-1
-1

-4
-4

—4
—4

0
0

-1
-1

-1
1
-1

1
1

-1
-1

2 -1

0

—4
—4

2 —4
2 -4

2
2

-2
-2

0 -2
2 -2

0
2

matrix k(6)
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Tabie I continued

Matrix K(o}

-1
-1
-1
-1
-1
-1

-1
-1
-1
~1
-1
-1

-1
-1
~1
-1
-1
-1

-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

Matrix k(2)

-1
-1

-1
-1

-1
0
-1

1 -2 -3 0
2 -3 -2 -1

2

1

-1
-1

-1
-1

-1
-1

-1
-1

1
1
-1
-1

1
1
-1
-1

-3
-2
-1
-1

-2
-3
-1
-1

-1
0
1
1

-1

-1

-1

~1

0
~1

-1

1
1
-1
-1
-1
-1

-1
-1

-1

1
1
1
1

1
1
1
1
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Table 1 continued

Matrix k(&)

1 -1 -1

~1
-1

0 -1

1
-1
~2

-1
-1
-1

2

0 -1 -1

2

0
0

0
0

-1

-1
-2

-1
-1

-1 -1
0
-1

1

1
-1

-2
-2

1 -2
1 -2

1
-1

0

2

-1
-2

-1 -1
-1

0
1

1

-1
-1

2 -1
2 -1

0
0

1 -1 -1

-1

-1 -1
-1

0

-1
-2

-1
-1

1
-1

1
1

2
1

-2
-2

-2
-2
2

-2 -2 0 0 -2 -2
-2 -2 0

1
1

0

-2
-2

-2
-2

2
2

-1
-1

2 -1
2 -1

0
0

0 -1 -1

2

2

P

Matrix k{6)
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Table 1. Matrices € (I,d) [I=1-16,J=1-22], C*(I,d} [I=1-16,d=1-24],
c3(1,d) [1=1-16,d=1-22] and C%(I,d) [I=1-16,d=1-48]. Indices I and d

specify row numbers and column numbers, respectively.
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I1I continued
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Table II continued
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Il continued
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